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bstract

Let H and G be two simple graphs. The concept of an H-magic dedgnposition of G arises from
the combination between graph decomposition and graph labeling. A decomposition of a graph
G into isomorphic copies of a graph H is H-magic if there is a bijection f : V(G) U E(G) —
{1.2,....|V(G)UE(G)|} such that the sum gfjabels of edges and vertices of each copy of H in the
decomposition is constant. A lexicographic pgduct of two graphs G'; and G, denoted by GG,
is a graph which aggs from G by replacing each vertex of (-, by a copy of the GgJand each edge
of GG, by all edges of the complete bipartite graph K, ;, where 7 is the order of G. In this paper we
provide a sufficient condition for C_”[Fm] in order to have a P, [m]-magic decompositions, where
n>3m>1l,andf =3,4,n— 2.
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1. Introduction

Let GfJe a simple graph and H be a subgraph of G. A decomposition of G into isomorphic
copies of H is called H— magic if there is a bijection f : V(G) U E(G) — {1,2,...,|V(G) U
E(G)|} such that the sum of labels of edges and vertices of each copy of H in the decomposition is
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constant. A lexicographic piluct of two graphs G, and G, is defined as graph which constructed
from the graph G, and then replacing each vertg} of G| by a copy of G5 and each edge of GG, by
edges of complete bipartij graph K, ,,, where |V/(G)| = n. The lexicographic product of G;; and
G wifg this construction is denoted by G [G5] [1].

A labelB of a graph G = (V. E) is a bijection from a set of elements of graphs to a set of
numbers. The edge magic and super edge magic labelings were first introduced by KotZ§ and
Roza [9] and Enomoto, Llado, Nakamigawa, and Ringel [3], §fjpectively. There are some results
in edge magic and super edge magic, such as in [2, 3, 12, 13]. The notion of an H — (super) magic
labeling was introduced by Gutierrez agll Llado [5]in 2005. In 2010, Maryati and Salman [11] used
multiset partition concept to obtain a super magic labeling of path amalgamation of isomorphic
graphs. Inayah et al. [8]have improved the concept of labelingeraphs became H —(anti) magic
decomposition. In almost the same time, Liang [10] discused cycle-sugrmagic decompositions
of complete multipartite graphs and in 2015, Hendy [6] has discused the H/ — super(anti)magic
decompositions of antiprism graphs. For a complete results in graph labeling, see [4].

In this research we interest in decomposing the lexicographic product of graphs ﬁ[ml then
labeling of the edges and vertices of each isomorphic copies of P;[K,,| to obtain P,[K,,]— magic
decomposition, where n > 3,m > 1, and ¢ = 3,4, n — 2.

Preliminaries

_ _

Let G ) simple graph. Complement of G, denoted by G, iggraph which V(G) = V/(G) and
Yu,v € V(G) uv is edge of G if ansﬁnly if uv is not edge of G. A family B = {G, Gy, ..., G;} of
subgraphs of GG is an HEdecomposition of G if all subgraphs are isomorphic to graph H, E(G;) N
E(@Qy =0, fori # j, and U;_, E(G;) = E(G). In such case, we write G = G, ® G2 @ ... ® G,
and G is said to be H-decomposable. if G is an f/-decomposable graph, then we also write H |G

Let B is an H-decomposition of GG. The graph G is said to be H- if there exists a bijection
f:V(G)UE(G) — {1,2,...,|V(G)UE(G)|} such that VB € B, meV(B) f)+2ccps fle)
is constant. Such a function f is called an H-magic labeling of G. The sum of all the vertex and
edges labels of H (under a labeling f) is denoted by > f(H). The constant value that every copy
of H takes under the labeling f is denoted by m( f).

The one of the concept of multi set partition, k-balance multi set, was presented by Maryati
et al. [11]. In this paper, > x, denoted by > X. Multi set is a set whtch may has the same

z€X
elements. For positive integer n and k; with i € [1,n], multi set {a}', a%?,...,a*"} is a set which
has k; elements a; for i € [1,n]. Suppose V and W are two multi sets with V= {a' ... a

and W = {0, b2, ... bim). Defined by: VW = {ak*,ak2, ... ak» bb b2, .. bim}. Letk € N

" Em

and Y is a multi set of positive integers. Y is a k-balance rnultl set if there exists k subsets of Y
such as:K,)@,...,YmuchthatforalliE 1,k |Yi| = |Y| EY— L NandU ;=Y.

Lemma 1.1. (7] P,[K,,]|C,[K..] if and only if P,|C,
fggmma 1.2. [7] Let t be any integer witht > 1. If P, [Kn)|Co[ K] then n(n—3) = 0(mod2(t—1))

Theorem 1.1. [7] Let n and m be integef§ withn > 3 andm > 1. The graph C,,[K,,| hasgh[K.)-
super magic decomposition if and only if m is even or m is odd and n = 1(mod4), or m is odd
and n = 2(mod4), or m is odd and n = 3(mod4).
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2. Results

Lemma 2.1. P[K,,]|C,[K,,] ifand only if n # 4, n = 0(mod4) or n = 3(mod4).

Proof. (=) Let P;[Fm] |c_”[m] then from Lemma 2.1 we have that P;|C‘_,,, From Lemma 2.2 we
have that n = 0(mod4) or n = 3(mod4). Because of C; doesn’t have Pi, this is not occur for
n = 4.

(<) Now let n # 4, n = 0(mod4) dan V(C,) = {v1,.., v}, k € Z*. Let N(v;)=V(C,,) \
{vi—1,vis1}. Follow this algorithm decompose C,,.

Algorithm 1:

1 Choose the path P, : v5 — v, — vy and let v, be the center of the rotation. Rotate P, such that
v On vy, v3 on v; and v, on vy, thus we have P, : vs — v3 — v. Do the next rotation until v,
ON Us,..., Vgi_ 1. Var—1. Then we have 2k of Pj-paths.

2 Choose the cycle vo — vy — ... — vy Decompose this 2k-cycle to k of Ps-paths.

3 Do the rotation again (v; — v3 — v5 —...), with choosing two vertices which close with
the vertices that is rotated in step 1. If this rotation is not the last rotation, do the rotation
again until v; on position of vy,_1, such that we have 2k of P;-path. If this rotation is the
last rotation, first do the rotation in step 1 until v; on position of vg;_; such that we have k
of Ps-path. Then rotate P’ = v,,_s — v — v,,—1 with vy as a center of this rotation until v on
position of v, and we have k P3-path.

From the Algorithm 1 above, we have that P3|C,,. Then from Lemma 2.1 P;[K,,]|C,[K,,] for
n # 4, n = 0(mod4).

Let n = 3(mod4) dan V(C,) = {v1,...,va643}, k € Z+. Let N(v;) = V(Cy) \ {vi-1, i1}
Decompose (', with the following steps.

Algorithm 2

Choose the path (), = v3 — vy — vy with v is the center of rotation. Rotate (7, such that v, on
vy and we have ()2 = vy, — va — v5. Do the next rotation such that v; on v3,vy4, v4,..., Vars3. Do the
rotation such that we have kn Ps-path.

From Algorithm 2, it’s clearly that P;|C,,. Thus from Lemma 2.1 P[K,,]|C,[K,,] for n =
3(mod4). O

See Figure 1 to see graph Cg can be decomposed in.to 10 Ps-path.
4

Theorem 2.1. Suppose n,m € Z+ and m > 1. For n = 3(mod4), or (n = 0(mod4) and m is
even, Graph C_”[Tm] have Py [Tm]-magic decomposition.

Proof. Let n = 3(mod4). From Lemma 2.1 we have for n = 3(mod4), P3[K,,)|C,[K,). Let m

be @2n. Do the next vertex labeling steps and edge labeling steps such in case 1 in Theorem 2.1.
et Vi, V5, ..., V, be the partitions of V(Cpa[Kom)), where V(Cpo[Kn)) = UV U..UV, =
{Ul,ls V1,25 3 ‘Ul‘m}U{’Ug,l, V2,25 .0y Ug‘m}U”‘U{’Un‘l s Un2y ooy 'Un,m}- Consider the set A* = [1 mn] =
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Figure 1. Ps-decomposition of Cy
(1, (2k)n], k € Z. forevery i € [1,n], A} = {a}/1 £ j < m}, where
= { k(j —1) 44, ifjisodd;
]

1+nj—1, ifjiseven.

is a balance subset of A*. -
Define a vertex labeling f; of C,[K,,] which will label vertices of V1, V5, ..., V,, using elements of
Al A5, L, A respectively.

Consider the set B* = [mn + 1,mn + ﬂ{"73] For every i € [1, 2= e, By = {B;/1<;5<
m2}, with b = { mn + 223 (J:(:_l;)) + 1, ]f_] ?s odd;

(mn-l—l) (=5—)j —1t, ifjiseven.

Br = {b:/1 < j < m?} is a balance subset of B*. Define an edge labeling f, of C,[K,,] with
label all edges in Pg[??;]‘. i€ 1, M] with the elements in B}

Since for all ¢ € [1, L ‘5] m(fi + f2) Pr,[K,m = 3m(f1) + 2m(fa) = 3(m?*n +m) +

("‘ (2mn + 1 4 Mn3im ;)m )=3m?n+3m+m?(2mn+ 1+ M) then C,,[K,,] has P3[K,,]-
magic decomposmon
Now let m is odd. Do the vertex labeling steps and edge labeling steps such in case 4 in
Theorem 2.1.
(a) Let m = 3. Consider the set A = [1,m(n + @)] = (1, 3@ F ﬂ"2;3))] For every
i€[l,(n+ 25— ”("_ ] A; = {a;, b;, ¢;} where

a; = 141

nfr: l) ni{n—3)
. {(n+’*“’—=‘>)+[ 1 +i, foriell,] ’J];
(o 2eBB) _ym g forfe] (n+ 2072

(rl 3)
2

3(pt2E=2) 11— 2, fori € [1, | =5 J]
& = n(n—3) 4 BO=3 . R n(n—3)
3 e | — 2, fori < ([Tl + 25 -
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]
A; = {a;, b, c;} is a balance subset of A. Consider the set B = [3(n + @) + 1,3n +
(@)mz]. Forevery i € [1, ”'(“,_,_3)], B; = {b’/1 < j < m® — 3}, where

= {3(n+”?’ j)+(n+ i ’()(;L)— 1)+, ifjis odd;
' 3(n+ =5 )"'1"‘(??'1' =5=)j —i, ifjiseven.

= {bi/1 < j < m? — 3} is a balance subset of B. Define a function hy : V(Cp[Kp]) —

{A;,i € [1,n]} C A and label all vertices in every V; with the elements of A;. Define a function
hs : E(C_H[K_m]) - {Aji € n+1,(n+ n(”z—"‘,'))]} |U B and label all edges in every PQ[E]\;,
i € (1, ”("T_”] with the elements of A,,,,; |J B;.

(b) Let m > 3 and m be odd. Considering the set A* = [1,m(n + @)I. Divide A* to be
[1 5 T? i n(n J})]
[3(?’1+ ?r('n ‘5% +1 m(n+ n(n 3))]

Follow the same way with (a),for m = 3, Aisa (n+ =5 ”(” 3)) -balaggge multi set and for every i €
[1, (n+22=2Y], A, is a balance subset of A. Consider the set E = [3(n+228) 11 m(n42E8))),
Forevery i € [1,(n+ wj] E; = {e/1 < j < m— 3}, where

two sets.

J

go— L3 ) (e M) (G — 1) 4, if s odd;
3(n+” 5)+1+(n+“(“ 0)j —i, ifjis even.

E; = {€;/1 < j <m — 3} is a balance subset of £. Considering the set M = [m(n + 29y 4
1,m*(n + 222) 1 mn]. For every i € [1, 23] M = {mj/1 < j <m® - m}, where
m(n + “(””5 )+ {ﬂ'[ﬂ”J )(j — 1)+, ifjisodd;
m(n-i—“(” ) )+1+("(“ NVj—i, ifjiseven.

L —
ﬂ’lj =

M; = {m’;/1 < j <m* —m} is a balance subset of M.

Define a function ¢, : V(C,[K,]) = {A] = A, JE;,i € [1,n]} C A" and label all vertices
in every V; with the elements of {A;,i € [1,n]}. Define a function ¢, : E(C,,[K,,]) — {A},; =
Am+t U Ensi} UM and label all edges in every Py[K,,)i, i € [1, “(“ 5 ] with the elements of

AL UM

Since Vi € (1,223 (¢, + @)(P[Kn)i) = 55 A + 25 M, = 5(X A + L E;) =
5((2+4n+2n(n—3)+ f%++("_‘ﬂ] )+ (22)(3(n+ 25— 209y 414 m(n4 22 “( 39)))+2(mi=m S (m(n+
ﬁz_—ﬂ)) + 14 m*(n+ @) + mn)) then Cy,[K ) has Ps[K,,)-magic decomposmon.

Now let n = 0(mod4) and m be even. From Lemma 3, we have for n = 0(mod4), Ps[K,,]|C[K,.).
Do the vertex labeling steps and edge labeling steps such in case 1 in Theorem 2.1. Since for all
i € [1,229) m(fy + fo) (Bs[Kmy) = 3m(fr) + 2m(fo) = 3(m2n + m) + 2(Z=(2mn + 1 +
W) =3m’n+3m+m*2mn+ 1+ M) then C,[K,,| have Ps[K,,|-magic decom-
position. O

Figure 2 give an example that graph Cs[K>) have P3[K5]- super magic decomposition with the
constant value m(f) + f2) = 503.
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Figure 2. P3[K]-super magic decomposition of Cs[K3]

o
Lemma 2.2, P,[K,,]|C,[Ky] if and only if n = 0(mod6) or n # 3,n = S(mr)d%

Proof. (=) Let Py[K,,,)|C,[K.,), then from Lemma 2.1, P4|C,,. From Lemma 2.2 n = 0(mod6)
orn = 3(mod6). C Clearly that this is not occur for n = 3.

(<) LetV(C,,) = {v1, ..., va}, k € Z* and N(v;)=V(C,) \ {vi_1,v;11}- Do the algorithm 3
bellow to decompme O

Algorithm 3

Chooffghe path R, : v; — v3 — vg — v4 and let v; be the center of the rotation. Rotate R such that
U} ON Vs, U3 ON Uy, Ug on vy and vy on vs, thus we have R‘z = vs — vy — U1 — Us. Do the next rotation
such that v; on vs,...etc, and redo the process until & ) rotations. O

Figure 3 shows that graph Cy can be decompose into 9 P,-path.

eorem 2.2. Letn > 3 and m > 1. For n = 3(modl12) or n = 6(modl2) or n = 9(mod12) or
(n = 0(mod12) and m is even, Graph C,[K,,] have P,[K,,)-magic decomposition

Proof. Letn = 3(mod12). From Lemma 2.2, we have that for n = 3(mod12), Py[K,]|Cy[Kn].
Now, let m be even. Do the next vertex labeling steps and edge labeling steps such in case 1 in
Theorem 2 1. Since for all i € [1 e ”)] (fi + F2)(Pi[Kmi) = 4m(f1) + 3m(f2) = 4(m?*n +
m) + 3(5% (2mn 4.1 Blo=Sim 5 ) then C,|K.,) have P4[K,,]-magic decomposition.

Let m be odd. Do the next vertex labeling steps and edge labeling steps such in case 4 in
Theorem 2.1. Since for all i € [1, "("_‘;)] m(q + @) (Pa[Kn)i) = T, Ar +3Y M; = 712 +
in + 2n(n — 3) + |'2n+u(‘u ) + (2=3)(3(n + nfn— {)) +1+m(n+ 2= *})) + ';’”2;;”‘(???.(?3 +
85 ‘5}) +1+ m?(n 4 oin=9) = 3) ) + mn), then C,,,[Km] has P,[K,,]-magic decompoeltlon
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20 / I/ o Vg 295 X =P Vs 2 5 2 5 2 5
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\1"3 Ug

Figure 3. Py-decomposition of Cy

Let n = 6(mod12). From Lemma 2.2, we have that n = 6(mod12), Py[K,]|Cp[K,,). Now
let m is even. Do the vertex labeling steps and edge labeling steps in case 1 Theorem 1. Because
Vi € (1,203 (fy + fo) (Pa[Komi) = 43 Zi + 3% X, then C,[K,] have Py[K,,]-magic de-
composition. Let m is odd. Do the vertex labeling steps and edge labeling steps such in case 3 in
Theorem 2.1.

Let m = 3. Consider the set D = [1,m(n + n(n 3) _ B ﬂ(” ; ] RO &
[1 Tl 5 n(n— 3))]‘ -D‘i = {a“bi‘(’,j} where:
ﬂi = 1 +3
n{n—>3 nin— i}
e = _rL __32 o
m_’_'n'n .5} N I-aij + 4, fori € [ff];(n—l— ﬂ(n2 3))].
n(n_ ] n+ nin—13) :
o 3(A + )+1_233 fori € [1||__2 1k
. — X -] nin—3) -
Tl n(n ) o BRTE | 2, foric ([0 4 R,

D; = {a;, b, 6 1 1% a balanc@ubset of D.

Considering the set E = [3(n + M) +1,3n+ (M)m?] For every i € [1, ”'(“2_3}], E; =
(n—l—’”’ “)4—(?14—“ NG — 1) 44, ifjis odd;

3(n + 203y 414 (n+ ne3)yj—4,  ifjis even.

{bj/l <j<m?-3}, with b) = {

E; is a balance subset of F.
Define a function hy : V(C,[K,,]) — {Ai,i € [1,n]} C A and label all vertices in every V;

with the elements of A;. Define a function hy : E(Cy[Kn]) = {Aii € [n+1, (n+ 2220} U B
and label all edges in P,[K,,);, i € [1, ﬂ’;;al] with the elements of A,,,;|J B;.
Let m > 3 and m be odd. Consider the set A* = [1,m(n + @)] Divide A* to be the two
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[1 C} n_l_u(ﬂ% i))]
n{n—3 n{n-3
[;}n—i—( +1m{n+( })]
With the same way form = 3, Ais (n+ 223 bmwe set and forevery i € [1, (n+ 223,
A, is a balance subset of A. Consider the set E [3(n+ 22=28)) 1 1, m(n + 2O 3})] For every
i € [IGrsE ﬁ12_i)] E; = {e}/1 < j < m— 3}, where

sets A and F where

- d{:rH—”” ")—i—{ﬁ—i—”(" ;))(; 1) +14, ifjis odd;
3= d{n—i—”’ )—|—1+{n—1—”’( 3)j —i, ifjis even.

E; = {e}/1 < j < m — 3} is a balance subset of E. Considering the set M = [m(n + nn-9)) 4
1,m?(n + 222y + mn). For every i € [1,223] M, = {mi/1 < j < m®— m}, where

wi = f e 2+ (UG 1) i, s 0dd
_ n(n— d}) —i, ifjiseven.

] n}(ﬁ+ﬂ(?l 3))+1+{

is a balance subset of M. Define a function ¢, : V(C,[K,,|) — {Af = A;UE;.i € [1,n]} C
A* and label all vertices in every V; with the elements of {A7,i € [1,n]}.

Define a function g5 : E(Cy[K.]) = {A%,; = AnvilU Envi} U M and label all edges in every
Py[Kpnlivi € [1, aln= ”)] with the elements of A7 . | J M;.

Since forall i € [1 23] (g4 @) (Pa[Komli) = T3 A +3 3 M, then C,,[K,| has Py[K)-
magic decomposition.

Now let n = 9(mod12). From Lemma 2.2 we have that for n = 9(mod12), Py[K,,]|C,[Kn).
Now, let m be even. Do the verte®’labeling steps and edge labeling steps such in case 1 in Theorem
2.1. Because Vi € (1,222 (f; + g)(Py[Km;) = 43 Z: + 33 X, then C,,[K,,) have Py[K,,)-
magic decomposition. Suppose 2 is odd. Do the vertex labeling steps and edge labeling steps such
in case 2 of Theorem 2.1. Since for all i € [1, “(” ) (fo+ h)(Py[EKm)i) =3 Y;+ 23 P? and
(fs+R)(PKn):) =30 Wi+ Y X)) +23 P;" then C,,[K,,] has P,[K,,|-magic decomposition.

Now let n = 0(mod12) and m be even. Clearly from Lemma 2.2 that for n = 0(mod12),
Py[K,,]|C,[K,.]. Do the vertex labeling steps and edge labeling steps such in case 1 of Theorem 1.
Because Vi € [1, @] (f1 4+ 9)(Py[Kp;) =45 Z; + 35 X, then C,,[K,,] have P,[K,,]-magic
decomposition. O

o
Lemma 2.3. P, »(K,)|C,[K,.) ifand only if n = 0(mod2)

Proof. (=) Suppose C,, where n = 1(mod2) are P, _,-decomposable graphs, then

IECa)l _ (2k+1)(2k-2)/(2) +
3 - 2k—2 8€Z
_ 2kl
T2
R | +
= k+ 3 (;'5 AR
(contradiction).

(<) Let V(Cy) = {v1, ..., vk }, k € Z* and N (v;)=V (Cy,) \ {vi—1, vi+1}. Do the next steps to
decompose C',. Choose the path L, = vy —v3 — v, —v4 — v,_1 — ... and let v; be the center of the
rotation. Rotate L1 such that v, on vs, v3 on vy, v, on v; and etc. Do the next rotation such that v,
on vs,...etc, and continue the process until all edge are used up. O
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Figure 4. Py-decomposition of C5

For example, C, in Figure 4 can b-edecomposed to be 6 Py-path.
34

Theorem 2.3. Let n > 3 and m > 1. For n = 2(mod4) or (n = 0(mod4) and m is even), C,[K,,]
have P,,_ Q[R"L] -magic decomposition.

Proof. Let n = 2(mod4). From Lemma 2.2 we have that for n = 2(mod4), 1,,_2[.{{”;”0"[1(7”]
Now, let m is even. Do the vertex labelmg steps and @ige labeling steps such in case 1 of Theorem
2.1. Because of Vi € [1, 5], (f1+ f2)(Pa- _o[Emi) = (n=2)m(f1)+ (n—3)m(f;) = (R—2)(m?n+
m) + (n — 3)(2(2mn + 1 + M Thus C,,[K,,] has P,_o[K,,]-magic decompositio
Let m be odd. Do the vertex Iabeh teps and edge labeling steps such in case 3 of T m
2.1. Since foralli € [1, 2], (q1+q2)(Pa2[Km;) = (2n—5) S, Af+(n=3) S M, = 2n—5)((2+
dn-+2n(n—3)-+ [ 2001 | (mo3) 300 4 20D 41 4 (o 2D L) (= (it
2088 + 1+ m*(n+ 22-2) + mn)). Thus Cp K] has Py[Kp,]-magic decompomuon.
Now let n = 0(moa!4) and m be even. Clearly from Lemma 2.2 that for n = 0(mod4),
P, _5[K,,)|C,[K ). Do the vertex labeling steps and flige labeling steps such in case 1 of Theorem
2.1. Since foralli € [1, %], ( f1+f2)( —2[Kmi) = (n=2)m(f1) +(n—=3)m(fy) = (n—2)(m*n+
m) + (n — 3)(5 L = (2mn + 1 + 222 ;)'” RSy Thus C,[K,,) has P,_,[K,,)-magic decomposition. [
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